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1. INTRODUCTION 
Generally, several systems are mostly related to uncertainty and inaccuracy. The  prob lem of 
inaccuracy is considered in general an exact science and that of uncertainty is considered as vague 
or fuzzy and accidental [i]. For fuzzy concepts, recently D iamand and K loeden [2] established 
the theory of metric space of fuzzy sets. In particular, Kaleva [3] researched the fuzzy differential 
equations, Cauchy  prob lem for continuous fuzzy differential equations was studied by Nieto [4], 
and Song et al. [5] obtained the global solutions. Seikkala [6] proved the existence and uniqueness 
of the fuzzy solution for the following systems: 
~(t) =/( t ,  x(t)), x(0) = x0, 
where f is a continuous mapping from N + x R into R and x0 is a fuzzy number. Recently, the 
above concept has been extended to the integrodifferential equations by Balasubramaniam and 
Muralisankar [7]. The nonloeal initial conditions have better effect than the classical condition 
x(0) = x0, and the applications are well documented (for details, see [8 13] and the references 
therein). 
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In Section 3, this paper is to investigate the existence and uniqueness of fuzzy solutions for the 
following semilinear fuzzy integrodifferential equation with nonlocal initial condition: 
[ /0' ] ~(t) = A x(t) + a ( t -  s)~(s) ds + f(t ,x(t)) ,  
x(0) + g(tl, t2, . . . ,  t~, x(.)) = *0 e EN, 
t E J = [0, T], (1) 
(2) 
where A : d --* EN is a fuzzy coefficient, EN is the set of all upper semicontinuous convex 
normal fuzzy numbers with bounded a-level intervals, f : J × EN --+ EN is a nonlinear continuous 
function, G(t) is an n × n continuous matrix such that G'(t)x is continuous for x E EN and t E J 
with norm ]]G(t)] I A k, k > 0, and g : JP × EN -~ EN is a nonlinear continuous function. In the 
place of - we can replace the elements of the set {tl ,t2 . . . .  ,tp}, 0 < t l  < t2. ."  < tp < T, p E N, 
the set of all natural numbers. 
2. MATHEMATICAL PRELIMINARIES 
A fuzzy subset of R ~ is defined in terms of a membership function which assigns to each point 
x E Rn a grade of membership in the fuzzy set. Such a membership function is denoted by 
v :  R n -+ [0, 1]. 
Throughout his paper, we assume that v maps R ~ onto [0, 1], [v] ° is a bounded subset of ]~,  
v is upper semicontinuous, and v is fuzzy convex. 
We denote by E ~ the space of all fuzzy subsets v of ~ which are normal, fuzzy convex, and 
upper semicontinuous fuzzy sets with bounded supports. In particular, E 1 denotes the space of 
all fuzzy subsets v of ]~. 
A fuzzy number a in real line ~ is a fuzzy set characterized by a membership function #a as 
A fuzzy number a is expressed as 
#~: ~ ~ [0,1]. 
a=/ ,o(x), 
6~ X 
with the understanding that pa(X) E [0, 1] represents the grade of membership of x in a and f 
denotes the union of #~(x)/x.  
A fuzzy number a in • is said to be convex if for any real numbers x, y, z in ]~ DEFINITION 2.1. 
with x G y G z, 
#a(Y) >- min{#a(x), #~(z)}. 
DEFINITION 2.2. The height of a fuzzy set is the largest membership value attained by any point. 
DEFINITION 2.3. I f  the height of a fuzzy set equals one, then the fuzzy set is called a normal 
fuzzy set. Thus, a fuzzy number a in R is called normal i f  the following holds: 
m aX/~a(X) = 1. 
RESULT 2.4. Let EAr be the set of all upper semicontinuous convex normal fuzzy numbers with 
bounded a-level intervals (see [14]). This means that ira E EN, then the a-level set 
[~1~ : {x E R :  a(~) _> a, o < a <_ I} 
B a closed bounded interval which we denote by 
and there exists a to E ]~ such that a(to) : 1. 
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RESULT 2.5. Two fuzzy numbers a and b are called equal a = b, if p~(x) = #b(X) for all x E R. 
It follows that 
= b ~* [a] ~ = [b]% for all a • (0, 1]. 
RESULT 2.6. A fuzzy number a may be decomposed into its level sets through the resolution 
identity 
1 
= J0 ~[~]~' 
a 
where a[a] ~ is the product of a scalar c~ with the set [a] a and f is the union of [a]as with a 
ranging from 0 to 1. 
DEFINITION 2.7. The support of a fuzzy set A in the universal set U is a crisp set that contains 
all the elements of U that have nonzero membership values in A, that is, 
supp(A) -- {x • U :  #a(X) > 0}, 
where supp(A) denotes the support of fuzzy set A. 
Hence, the support F~ of a fuzzy number a is defined, as a special case of level set, by the 
following: 
ro = {x:  ~o(x) > 0}. 
DEFINITION 2.8. A fuzzy number a in ]R is said to be positive if 0 < al < a2 holds for the 
support F~ = [al, a2] of a, that is, F,  is in the positive real line. SimiIarly, a is called negative if 
al <_ a2 < O and zero if al < O < a2. 
LEMMA 2.9. (See [6].) I f  a, b • EN, then for a E (0,1], 
[a + b] ~ = [~ + by, a~ + b~], 
[a.b] `~ -- [min {a~b]} ,max {a~b]}],  
[a - b] ~ = [aq - by, a~ - bq]. 
i, j = q, r, 
LEMMA 2.10. (See [6].) Let [aq,a~], 0 < a <_ 1, be a given family of nonempty intervals. If 
and 
lim aq k lim a~ ~] = [aq,a~], 
k--+o~ ' k--+ oo J 
whenever (ak ) is a nondecreasing sequence converging to 
0 < a <_ 1, are the a-level sets of a fuzzy number a E EN. 
the a-level sets of a fuzzy number a E EN, then conditions 
Let x be a point in R n and A be a nonempty subset of 
from x to A by 
d(x,A)  = inf{[]x-  a[]: a • A}. 
(4) 
e (o, 1], then the family [a~, a~], 
O~ Ot Conversely, [aq, a~ ], 0 < a <_ 1, are 
(3) and (4) hold true. 
]R ~. We define the distance d(x, A) 
(5) 
Now, let A and B be nonempty subsets of N~ n. We define the Hausdorff separation of B from A 
by 
d*H(B,A ) -- sup{d(b,A) : b e B}. (6) 
In general, 
d*H(A, B) • d*H(B , A). 
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We define the Hausdorff distance between onempty subsets of A and B of •n by 
dH(A, B) = max {d*H(A , B), d*H(B ,A)}. (7) 
This is now symmetric in A and B. Consequently, 
(1) dH(A,B) >_ 0 with dH(A,B) = 0 if and only if .~ =/~, 
(2) dH(A,B) = dH(B,A), 
(3) dH(A, B) <_ dH(A, C) + dg(C, B), 
for any nonempty subsets of A, B, and C of R n. The Hausdorff distance (7) is a metric, the 
Hausdorff metric. 
The supremum etric d~ on E n is defined by 
d~(~,v)  = suv{d~([~] ~, IriS) : ~ e (0, 1]}, (8) 
for all u,v E E ~, and is obviously metric on E n. 
The supremum etric H1 on C(J, E ~) is defined by 
Hl(x,y) = sup{d~(x(t),y(t)) : t e J}, (9) 
for all x, y ~ C(J, E~). 
Let I be a real interval. A mapping x : I --* EN is called a fuzzy process. We denote 
Ix(t)] ~ = [x~ (t), x~ (t)], t e ±, 0 < ~ ___ 1. 
If the derivative ~(t) C EN of a fuzzy process x, then 
[2(t)] ~ = [Xq (t), x~ (t)], 0 < a < 1. (10) 
The fuzzy integral 
is defined by 
b 
f x(t) dt, a,b C I, 
b 1 o [/: /: x(t) dt = Xq(t) dt, x~(t) dt , 
provided that the Lebesgue integrals on the right exist. 
The relation between fuzzy derivative and fuzzy integral is obvious; first 
e-~ x(s) ds = x(t), a.e. t e X, 
and if the end point functions (:~) and (:i:~) in (10) are integrable, then 
f ~(t) = ~(a) + ~(s) ds, t e I. 
DEFINITION 2.11. The fuzzy process x : Y ~ EN is a solution of equation (1) without the 
inhomogeneous term if and only if 
(:i:~) ( t )=min  {a~(t) [x~(t)+ fotG(t -s)x](s)ds]  , i , j  = q,r},  
(~)  ( t )= max{a~(t ) [x ] ( t )+ ~ot G(t - s)x](s) ds] , i , j  = q,r } , 
and 
(~)  (o) -- ~o~ - 9~(t~, t~, . . . ,  tp, ~(.)),  
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3. EX ISTENCE AND UNIQUENESS OF  A FUZZY SOLUTION 
Assume the following. 
(H1) The nonlinear function g : JP × EN ~ EN is a continuous function and satisfies the 
inequality 
dH([g(tl ,  t2, . . . , tp, ~(.))]~, [g(tl, t2, . . . , tp, ((.))1~) _< cldH([~(.)] ~, [((.)]~), 
for all ~(.), ~(.) C EN,  and e I is a finite positive constant. 
(H2) The inhomogeneous term f : J x EN ~ EN is a continuous function and satisfies a global 
Lipschitz condition 
dH([ f (s ,  ~(s)] ~, [f(s, ~(s)]") < c2dH([~(s)] ~, [~(s)]"), 
for all ~(s), ¢(s) e EN,  and a finite constant c2 > 0. 
(H3) S(t)  is a fuzzy number satisfying for y C EN,  S ' ( t )y  C C I ( J ,  EN)  N C( J ,  EN)  the equation 
such that 
d s ( t )y  = A [S(t)Y + ~otG(t  - s )S (s )yds]  
/o ~ - -  S(t )Ay + S(t - s )Aa(s )yds ,  teJ,  
[ s ( t ) ]  ~ -- [s~(t), s~(t)], 
and $~(t)  (i = q,r)  is continuous. That is, there exists a constant c > 0 such that 
Is~(t)l <_ e for all t ~ J. 
THEOREM 3.1. Let T > O, and Hypotheses (H1)-(H3) hold. Then, for every xo, g E EN,  the 
fuzzy initial value problem (1),(2) has a unique solution x C C(J;  EN).  
PROOF. For each ~(t) E EN,  t E J define 
/o ~ (~) ( t )  = S(t) (xo - g ( t l , t~ , . . .  , tp,~(.)))  + S(t  - s )Z(s ,~(s) )ds .  
Thus, (~) ( t )  : J ~ EN is continuous, and ~:  C( J ;  EN) --* C( J ;  EN) .  
It is obvious that fixed points of • are solutions to the initial value problem (1),(2). For 
((t), ((t) e C(J ;  EN),  we have 
d~ ([(~)(t)]% [(~¢)(t)] ~) 
(I J0 ~ 1 ~ = dH S(t) (xo -- g ( t l , t2 , . . .  , tp,5(.)))  + S(t  -- s ) f ( s ,~(s ) )  ds , 
i~,~,,~0 ~,~ ~ ~ ~,,,,~;~,~ ~,,,~ ,~1 ~ )
( I ;  1 ~ = dH [S(t)xo] ~ - [S(t)g(tl ,  t2 , . . . ,  tp, ~(.))]~ + S(t  - s ) f ( s ,  ( (s))  ds , 
,~,~,~0,o ~,~,~,~1 ~ ~ ~,,,,~ E;~,~ ~,,,~ ,~,,~1  )
<_ dH([S(t)g(t l ,  t2 . . . .  , tp, ~(.))]~, [S(t)g(t l ,  t2, . . . , tp, ¢(.))]~) 
1120 
< 
_< 
Therefore, 
doo((~)(t), (~¢)(t)) = sup 
Hence, 
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dH ([Sq (t)gq (tl, t2, . . . ,  tv, ~(.)), S~(t)g~(tl, t2, . . . ,  tp, ~(.))] , 
a at  t [S~ (t)gq ( 1, 2, . . . ,  tp, ¢(.)), S~(t)g~(tl, t2, . . . ,  tp, ¢(.))]) 
/o' + dH ([Sg(t - s )g (s ,~(s ) ) ,g ( t -  s)fg(s,((s))], 
[Sg(t - s )g (s ,  ¢(s)), S~(t - s)fg(s, ~(s))]) ds 
_< max ([sg(t) [g~(tl, t2, . . . ,  tp, ~(.)) - gq(tl, t2, . . . ,  tp, ~('))] I ' 
I g ( t )  [g](h, t2,. .., tp, ¢(.)) - g](tl, t2,...,  tp, ~('))] I ) 
+ max( I sg( t - s ) [g (~,¢(s ) ) -g (s ,~(s ) ) ] l ,  
I [g ( t  - s)[ fg(s,  ¢(s)) - fg(s,~(s))] l )  ds 
_< cmax (I [g~(t~, t~, . . . ,  t~, ¢(.)) - g~(tl, t~, . . . ,  t~, ~('))] I, 
[[g](tl, t2,...,  tp, ¢(.)) - g;~ (h, t2,. . . ,  6,  ~('))][ ) 
+c  max( lg (s ,¢ (s ) ) -g (s ,~(s ) ) l , ISg(s ,¢ (s ) ) - fg (s ,~(s ) ) l )  ds 
= cdH ([gq(tl, t2, . . . ,  tp, ~(.)), g](tl, t2, . . . ,  tp, ~(.))] , 
[gq(t l ,  t2 , . . .  , tp, ¢( ' ) ) , .q~(t l ,  t2 , . . .  , tp, ¢( ' ) ) ] )  
/o' +c dH ([g(s ,{(s)) , f~(s,{(s)) ] ,  [g(s,~(s)), f~(s,¢(s))])  ds 
= cdu([g(tl, t2, . . . ,  tp, ~(.))]", [g(tl, t2, . . . ,  tp, ((.))]~) 
/o' + c dH([f(s, 5(s))]", [f(s, ~(s))]") ds 
cc~d~([~(.)l% [¢(.)1 ~) + cc~ e/~([~(s)]% [¢(s)l ~) es. 
dH ( [ (~)  (t)]", [(~¢)(t)] ") 
/o' ___ cc~ sup e~/([~(.)l% [¢(.)]~) + cc~ sup a~([~(s)] ~, [¢(~)1 ~) d~ aC(0,1] c~E(0,1] 
= ccldoo (~(.), ~(')) + cc2 doo(~(s), ~(s)) ds. 
HI (~,  ~¢) = sup doo((~)(t), (~¢)(t)) 
~CJ 
_< cc~ sup a~(~(.), ¢(.)) + ~c2 sup a~(~(s), ¢(~)) a~ 
• E J  tE J  
< C[Cl + c2T]Hl(~(s), ~(s)). 
Choose T such that T < (1 - ccl)/(cc2). Hence, 69 is a contraction mapping. By the Banach 
fixed-point heorem, the fuzzy integrodifferential equation has a unique fixed point x C C(J; EN). 
4. EXAMPLE 
Consider the semilinear one-dimensional heat equation on a connected domain (0, 1) for a 
material with memory, boundary conditions x(t, O) = x(t, 1) = 0 and with the initial and terminal 
Existence and Uniqueness 1121 
conditions x(0, z) - x(T,  z) = ~(z) with @ e EN (see [6]). Let x(t, z) be the internal energy and 
f (t ,  x(t, z)) -- 2tx(t, z) 2 be the external heat. Then, the balance equation becomes 
[ /o t ] xt(t, z) ---- 2 x(t, z) -- e-(t-~)x(s, z) ds + 2tx(t, z) 2, 
J ZZ  
x(t, 0) = ~(t, 1) = 0, 
and x(O, z) - x(T,  z) -= 2z 2 E EN. 
Let G(t s) e -(t-~) A (°~) - = , = 2-(-5~, f(t ,  x(t)) = 2tx(t, z) 2, g(x(T, z)) = x(T, z) = x(O, z) - 
• (z) = 2z 2, and c~ = 3T[Ix~(t,z ) +y~(t ,z ) l  ] > O. 
The a-level set of fuzzy number 2 is 
[2] ~ = [~ + 1, 3 - a], for all a E [0, 1]. 
Then, the a-level set of If(t, x(t))] ~ is 
If (t, x(t))l o = [2t~(t, z)2] ° = t[2]o ix(t, z)~] ° = t[a + ~, 3 - a] [ (~( t ,  z)) 2 , (~  (t, ~)):] 
where Ix(t, z)] ~ = [Xq(t, z), x~(t, z)]. 
Further, 
1) 2 , (3-a)  } 
< (3 - a) max {1~ ~ -~71 I~? +Y~J , l~  -Y~I l~7 +Y~I} 
_< 31x~ + y~lmax{Ix~ - Yql,lx~ - Y~I} 
= cbdg([X] a, [y]"), cb = 3 Ix7 + Y~I, 
g satisfies the inequality in Hypothesis (H1), and also 
du([ f  (t, x( t, z) )]%[f ( t, y( t, z))] ~) 
(xq (t, z)) - (y~(t, z)) 2 
(3 - a) (x~(t, z)) 2 - (y~(t, z)) 2 } 
_< T(3 - a)max { Ixq(t ,z  ) - yq(t,z) l  Ixq(t,z) + yq(t,z) l  , 
Ix~(t, z) - y~(t,  z)l Ix?(t, z) + y~(t, z)l} 
<_ 3T Ix~ (t, z) + y~ (t, z)l max {[x~ (t, z) - y~ (t, z) i , I~  (t, z) - y~ (t, z)l} 
= cadH (Ix(t, z)] ~, [y(t, z)]~). 
This is an abstract formulation of the initial value problem (1),(2). Further, the fuzzy number 
S(t) exists (see [14]). Since f and g satisfy the global Lipsehitz conditions, from Theorem 3.1 the 
fuzzy integrodifferential equation has a unique fuzzy solution. 
1122 P. BALASUBRAMANIAM AND S. MURAL ISANKAR 
REFERENCES 
1. L.A. Zadeh, Fuzzy sets, Information and Control 89, 338-353, (1965). 
2. P. Diamond and P.E. Kloeden, Metric Space of Fuzzy Sets, World Scientific, (1994). 
3. O. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems 24, 301-317, (1987). 
4. J.J. Nieto, The Cauchy problem for continuous fuzzy differential equations, Fuzzy Sets and Systems 102, 
259-262, (1999). 
5. S. Song, L. Guo and C. Feng, Global existence of solutions to fuzzy differential equations, Fuzzy Sets and 
Systems 115, 371-376, (2000). 
6. S. Seikkala, On the fuzzy initial value problem, Fuzzy Sets and Systems 24, 319-330, (1987). 
7. P. Balasubramaniam nd S. Muralisankar, Existence and uniqueness of fuzzy solution for the nonlinear fuzzy 
integrodifferential equations, Appl. Math. Left. 14 (4), 455-462, (2001). 
8. P. Balasubramaniam nd M. Chandrasekaran, Existence of solutions of nonlinear integrodifferential equation 
with nonlocal boundary conditions in Banach space, Atti. Sere. Mat. Fis. Univ. Modena XLVI, 1-13, (1998). 
9. L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolution onlocal 
Cauchy problem, J. Math. Anal. Appl. 162, 494-505, (1991). 
10. L. Byszewski and H. Akca, On a mild solution of a semilinear functional-differential evolution nonlocal 
problem, J. Appl. Math. Stochastic Anal. 10, 265-271, (1997). 
11. Y.C. Kwun, J.R. Kang and S.Y. Kim, The existence of fuzzy optimal control for the nonlinear fuzzy differential 
system with nonlocal initial condition, Korean Fuzzy Logic and Intelligent Systems Society 10, 6-11, (2000). 
12. Y. Lin and J.H. Liu, Semilinear integrodifferential equations with nonlocal Cauchy problem, Nonlinear Anal. 
26, 1023-1033, (1996). 
13. S.K. Ntouyas and P.Ch. Tsamatos, Global existence for semilinear evolution integrodifferential equations 
with delay and nonloeal conditions, Applicable Anal. 64, 99-105, (1997). 
14. M. Mizumoto and K. Tanaka, Some Properties of Fuzzy Numbers, North-Holland, (1979). 
